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■ We prove, as our main theorem, the finiteness of topological type of a complete 
open Riemannian manifold M with a base point p G M whose radial curvature at 
p is bounded from below by that of a non-compact model surface of revolution M 

■ which admits a finite total curvature and has no pair of cut points in a sector. Here 
. .. a sector is, by definition, a domain cut off by two meridians emanating from the base 
v«> I point p G M. Notice that our model M does not always satisfy the diameter growth 
Q ■ condition introduced by Abresch and Gromoll. In order to prove the main theorem, 

. we need a new type of the Toponogov comparison theorem. As an application of 

, the main theorem, we present a partial answer to Milnor's open conjecture on the 

fundamental group of complete open manifolds. 

■ 1 Introduction 

OS 

Most comparison theorems which appear in differential geometry are originated from the 
Tj- ■ Sturm comparison theorem (see [St], or [Hr j ) . Bonnet |Boj would be the first researcher 
who applied the Sturm comparison theorem to differential geometry. In 1855, he proved 
^ . that the diameter of a compact surface does not exceed ir/y/X, if the Gaussian curvature 
Q ! of the surface is greater than a positive constant A. 

In 1932, Schoenberg [Sc] formulated the Sturm comparison theorem by using the 
sectional curvatures of Riemannian manifolds, and generalized Bonnet's theorem to any 
Riemannian manifolds. Therefore, it took more than 70 years to generalize Bonnet's 
theorem above, though von Mangoldt |Maj also applied the Sturm comparison theorem 
to differential geometry in 1881. 

In 1951, Ranch succeeded to compare the lengths of Jacobi fields along geodesies in 
differential Riemannian manifolds, and proved a well-known theorem, which is called the 
Ranch comparison theorem. Thus its special case is Schoenberg's theorem above. As an 
application of the Ranch comparison theorem, he proved a (topological) sphere theorem 
in [Rj. After this work, various kinds of sphere theorems have been proved (cf. |Klj . [K2j . 
H, [SB], ISh2], and so on). 
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In 1959, Toponogov |Tolj . [To2j generalized the Ranch comparison theorem as a global 
version of the Ranch comparison theorem. He compared the angles of geodesic triangles 
in a Riemannian manifold and those in a complete 2-dimensional Riemannian manifold of 
constant Gaussian curvature, which is well known as the Alexandrov-Toponogov compar- 
ison theorem (abbreviated to just the "Toponogov" comparison theorem). The Topono- 
gov comparison theorem is now a very powerful tool for investigating global structures of 
Riemannian manifolds (cf. |CGj . [GSj . ^Gl] . and so on). 

Some researchers tried to generalize the Toponogov comparison theorem. In 1985, 
Abresch |A] generalized the Toponogov comparison theorem by a non-compact model 
surface of revolution with non-positive Gaussian curvature. He would be the first re- 
searcher who succeeded to generalize it in a rather satisfactory form, that is, in the radial 
curvature geometry. 

We will now introduce the radial curvature geometry for pointed complete open _Rie- 
mannian manifolds: We call a complete open 2-dimensional Riemannian manifold {M,p) 
with a base point p E M a. non-compact model surface of revolution if its Riemannian 
metric ds"^ is expressed in terms of geodesic polar coordinates around p as 

dS^ = dt^ + f{tfdd\ (t, ^) G (0, oo) X §1 (1.1) 

Here, / : (0, oo) — > M is a positive smooth function which is extensible to a smooth odd 
function around 0, and E>p := {v G TpM \ \\v\\ = 1}. The function G o 7 : [0, 00) — > M 
is called the radial curvature function of {M,p), where we denote by G the Gaussian 
curvature of M, and by 7 any meridian emanating from p = 7(0). Remark that / 
satisfies the differential equation 

fit) + cm)) fit) = 

with initial conditions /(O) = and /'(O) = 1. The n-dimensional model surfaces of 
revolution are defined similarly, and they are completely classified in |KKj . 

Let (M, p) be a complete open n-dimensional Riemannian manifold with a base point 
p G M. We say that {M,p) has radial curvature at the base point p bounded from below 
by that of a non-compact model surface of revolution {M,p) if, along every unit speed 
minimal geodesic 7 : [0,a) — > M emanating from p = 7(0), its sectional curvature Km 
satisfies 

KMicJt) > cm)) 

for all t G [0,a) and all 2-dimensional linear space at spanned by 7'('^) and a tangent 
vector to M at 7(t). 

For example, if the Riemannian metric of M is dt"^ + t^dO"^, or dt^ + smh^tdO'^, then 
^(7(^)) — O5 ^(7(^)) — respectively. Furthermore, the radial curvature may 
change signs. Moreover, we can employ a model surface of revolution, as a comparison 
surface, satisfying \\mt_^aoG{.lit)) = —00. Thus, it is very natural as generalization of 
conventional comparison geometry to make use of a model surface of revolution instead of 
a complete simply connected surface of constant Gaussian curvature. 
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In 2003, the Toponogov comparison theorem was generahzed by Itokawa^Machi- 
gashira, and Shiohama, by using a von Mangoldt surface of revolution as a {M,p), in 
a very satisfactory form, i.e., their theorem contains the original Toponogov comparison 
theorem as a corollary (see [IMSl Theorem 1.3]). Here, a von Mangoldt surface of revo- 
lution is, by definition, a model surface of revolution whose radial curvature function is 
non- increasing on [0, oo). Paraboloids and 2-sheeted hyperboloids are typical examples of 
a von Mangoldt surface of revolution. An untypical example of a von Mangoldt surface 
of revolution is found in [KTH Example 1.2], where its radial curvature function G{'y{t)) 
changes signs on [0, oo). We refer to |T1] for other examples of a von Mangoldt surface of 
revolution. Thus, a von Mangoldt surface of revolution is a very common model as a refer- 
ence space. We refer |K0] and |KT1] for applications of Itokawa-Machigashira-Shiohama' 
comparison theorem. 

Poincare [Poj first introduced the notion of the cut locus for surfaces in 1905. He 
claimed that the endpoints of the cut locus are cusps of the conjugate locus turned to 
the starting point. We have explicitly determined such structures of model surfaces of 
revolution whose Gaussian curvature is monotonic along a subarc of a meridian (see \TT\ , 
[GMST] . |SiTlj . and |SiT2j ). For example, the cut locus Cut(z) to each point z e M\{p} 
of a non-compact von Mangoldt surface of revolution {M,p) is either an empty set, or a 
ray properly contained in the meridian 6^^{6{z) + tt) laying opposite to z, and that the 
endpoint of Cut (5) is the first conjugate point to z along the minimal geodesic from z 
sitting in 6~^{6{z)) U 6~^{6{z) + vr) (see [Til Main Theorem]). In particular, any non- 
compact von Mangoldt surface of revolution has no pair of cut points in the sector V^(vr), 
where we define a sector 



for each constant number 5 > 0. 

However, we emphasize that the cut locus on a model surface of revolution need not 
be connected. A model surface of revolution with a disconnected cut locus has been 
constructed in |T2[ Section 2]. We also note that Cluck and Singer [ClSij constructed a 
smooth, but non-analytic surface of revolution embedded in such that the cut locus 
of a point on the surface admits a branch point with infinite order, even one of strictly 
positive Caussian curvature, so that its cut locus has also infinitely many endpoints. 

Thus, it is not difficult to establish the Toponogov comparison theorem for a model 
surface of revolution admitting a very simple structure of the cut locus at each point 
as seen in |IMSt Theorem 1.3]. However, it is very difficult to establish the Toponogov 
comparison theorem for an arbitrary model surface of revolution. The cause of the dif- 
ficulty lies in the complexity of cut loci of model surfaces of revolution as stated above. 
Therefore, the structure of cut loci of model surfaces of revolution allows a generalization 
of the Toponogov comparison theorem in radial curvature geometry. 

In this article, we are concerned with a generalization of the Toponogov comparison 
theorem to the radial curvature geometry. That is, we need a new type of the Toponogov 
comparison theorem in order to prove our main theorem : 
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A New Type of Toponogov Comparison Theorem (Theorem 14.121 in Section H]) 

Let {M,p) be a complete open Riemannian n-manifold M whose radial curvature at the 
hose point p is boundedjrom below by that of a non-compact model surface of revolution 
{M,p). Assume that M admits a sector V{6q) for some 60 G (0, vr) which has no pair of 
cut points. Then, for every geodesic triangle A{pxy) in M with Z{xpy) < 60, there exists 
a geodesic triangle A{pxy) := A{pxy) in ^(^o) such that 

d{p,x) = d{p,x), d{p,y) = d{p,y), d{x,y) = d{x,y) (1.2) 

and that 

Z{xpy) > Z{xpy), /l{pxy) > Z{pxy), Z{pyx) > /L{pyx). (1-3) 

Here we denote by d{- , ■ ) the distance function induced from the Riemannian structure 
of M, or M, and by /L{pxy) the angle between the minimal geodesies from x to p and y 
forming the triangle A{pxy). 

The assumption on V{6q) in our comparison theorem is automatically satisfied, if we 
employ a von Mangoldt surface of revolution, or a Cartan-Hadamard surface of revolution 
(i.e., G is non-positive on M) as a {M,p). Therefore, our comparison theorem contains 
Itokawa-Machigashira-Shiohama' comparison theorem above as a corollary. The proof of 
our comparison theorem has completely different techniques from used in \CE\ Chapter 
2], [Sal Chapter IV], [X], and [IHS] (see Section H for the proof). 

Before stating our main theorem, we will mention a few related results for our theorem 
to clarify our aim : Abresch and GromoU |AGj proved the finiteness of topological type of a 
complete open n-dimensional Riemannian manifold X with non-negative Ricci curvature 
outside the open distance to-ball around p E X for some constant to > 0, however, admit- 
ting sectional curvature bounded from below by some negative constant everywhere, and 
furthermore admitting diameter growth of small order o{t}/^) for some p E X. Here, "X 
has finite topological type." means that X is homeomorphic to the interior of a compact 
manifold with boundary. Although their result and technique have infiuenced many ar- 
ticles (cf. Sormani's study [Soj). it looks very restrictive to assume that a complete open 
Riemannian n-manifold admits diameter growth of small order o(t^/"), if once you live in 
the world of the radial curvature geometry. The next example shows that the diameter 
growth condition is too restrictive. 

Example 1.1 Let {M,p) be a non- negatively curved non-compact model surface of rev- 
olution with its metric fll.ip . and admitting diameter growth T){t,p) = o(t^/^). We 
denote by C(t,p) the length of boundary of the open distance t-ball around p. Since 
V{t,p) = o(t^/2) and 

t^oD L,{t,pj 

is positive by |SSTl Lemma 7.3.3], there exist positive numbers ei and 62 such that 

2vr/(t) = C{t,p) = • V{t,p) < E{D{t,p) < e,Vi (1.4) 
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By ([I3D, M satisfies 



oo 



1 



fity 



dt = oo 



(1.5) 



Let (M, p) be a complete open n-dimensional Riemannian manifold M whose radial cur- 
vature at the base point p is bounded from below by that of M. Then (11.51) controls the 
topology of {M,p), that is, it follows from |ST2t Theorem 1.2] that (M,p) is isometric to 
the n- dimensional model M" satisfying f 1 1.5\) . 

Authors [KTlj have recently reached stronger conclusion than Abresch and GromoU' 
result above, in which diameter growth condition is replaced by an assumption on total 
curvatures of model surfaces : 

Theorem 1.2 ( |KTll Corollary to Main Theorem]) Let {M,p) be a complete open Rie- 
mannian n-manifold M whose radial curvature at the base point p e M is bounAed from 
below by that of a non-compact von Mangoldt surface of revolution {M,p). If M admits 
c(M) > 71, then M has finite topological type, and the isometry group of M is compact. 
Here c(M) denotes the total curvature of M. 

The assumption c(M) > vr, of which one may complain being too much strong, has been 
assumed in order to generalize Shiohama's result (jShU Main Theorem]) in geometry 
of complete open surfaces to any dimensional complete open Riemannian manifolds (see 
[KTll Main Theorem]). Therefore, our main purpose of this article is to show the finiteness 
of topological type of a complete open Riemannian manifold with a wider class of metrics 
than those described in Theorem 11.21 

Our main theorem is the following : 

Main Theorem (Theorem 12.21 in Section [2]) 

Let (M, p) be a complete open Riemannian n-manifold M whose radial curvature at the 
base point pjs bounded from below by that of a non-compact model surface of revolution 
{M,p). If M admits c(M) > — oo and has no pair of cut points in V{So) for some 
6o G (0,7r), then M has finite topological type. 

Remark that M admits c(M) > — oo if and only if 



(see |SSTt Definition 2.1.3] and the paragraph after the definition). 

In Main Theorem, the assumption on the existence of V{6o) is necessary in order to 
establish a new type of Toponogov comparison theorem as stated above. Notice that 
the model surface of revolution M in our Main Theorem cannot always be replaced by 
a Cartan-Hadamard surface of revolution with finite total curvature which bounds the 
radial curvature of M from below. 
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Next, we will mention significance of finite total curvature in Main Theorem. Consider 
a non-compact model surface of revolution {M,p) which satisfies one of the following 
conditions for some constant -Rq > : 

(VM) The radial curvature function is non-increasing on [Rq, oo). 
(CH) The radial curvature function is non-positive on [Rq, oo). 

Then, the following theorem clarifies real significance of finite total curvature and also 
the validity of our Main Theorem : 

Sector Theorem (Theorem 13.41 in Section [3]) 

Let {M,p) be a non-compact model surface of revolution satisfying the (VM), or the 
(CH) for some Rq > 0. If M admits c(M) > — oo, then there exists a number 6o G (0, tt) 
such that there is no pair of cut points in V{6o)- 

From the radial curvature geometry's standpoint, we therefore feel that our Main Theorem 
has more natural assumption than that on Abresch and GromoU' result above. Another 
related result for Main Theorem is Sormani's [Soj . She has proved that if a complete open 
n-dimensional Riemannian manifold with non-negative Ricci curvature everywhere admits 
some diameter growth condition, then the manifold has a finitely generated fundamental 
group. However, by the same reason above, the diameter growth condition on her result 
also looks very restrictive. 

As an application of Main Theorem and Sector Theorem, we will present a partial 
answer to Milnor's open conjecture. The conjecture is stated as follows : 

Milnor's Open Conjecture (see the line right after \Mi\ Theorem 1]) 

A complete open Riemannian manifold with non-negative Ricci curvature everywhere 
must have a finitely generated fundamental group. 

Then, the assumption on the existence of a non-compact model surface of revolution 
is natural. In fact, any complete open n-dimensional Riemannian manifold has a non- 
compact model surface of revolution : 

Model Lemma (Lemma 15.11 in Section [5]) 

Let M be a complete open Riemannian n-manifold and p (z M any fixed point. Then, 
there exists a locally Lipschitz function G{t) on [0, oo) such that the radial curvature of 
M at p is bounded from below by that of the non-compact model surface of revolution with 
radial curvature function G(t). 

Now, let G{t) be the Lipschitz function in Model Lemma, and set 




(1.6) 
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satisfying the differential equation 



m"{t) + G*{t)m{t) = 



with initial conditions m(0) = and m'(0) = 1. Notice that the metric (11.61) is not always 
differentiable around the base point p* G M*. Then, it follows from Model Lemma, Sector 
Theorem, and Main Theorem that we have the following partial answer to Milnor's open 
conjecture : 

Partial Answer to Milnor's Open Conjecture (Theorem 15.31 in Section [5]) 

Let M be a complete open Riemannian n-manifold, p & M any fixed point, and 
{M*,p*) a comparison model surface of revolution, constructed from {M,p), with its metric 



Jo 

then the total curvature c{M*) is finite. In particular, then M has a finitely generated 
fundamental group. 

Another approach to Milnor's open conjecture has been done by Wilking [W]. He 
tried to prove the conjecture for manifolds with abelian fundamental groups, i.e., he 
proved that : Let A be a complete n-dimensional Riemannian manifold A with non- 
negative Ricci curvature everywhere, and A the universal covering space of A. Then, if 
/(A) /Jo (A) is finitely generated, the fundamental group of A is too. Here, /o(A) denotes 
the identity component of the isometry group /(A) of A. 

The organization of this article is as follows. In Section [2|, this article reaches the 
climax, that is, we prove Main Theorem (Theorem 12.21) by applying some results in 
Sections [S] and HI In Section^ we investigate the relationship between a non-compact 
model surface of revolution {M,p) with its finite total curvature and its cut locus. As a 
main theorem in Section [3], we finally prove Sector Theorem (Theorem 13.41) using results 
in Section [3l In Section HI we establish a new type of the Toponogov comparison theorem 
(Theorem 14. 121) . The key tools of the proof are our Alexandrov convexity (Lemma l4.4p and 
Essential Lemma (Lemma 14. 111) . In SectionlHl we prove Model Lemma (Lemma l5.ll) . After 
recalling some differential inequality (Lemma 15.21) . we prove a partial answer (Theorem 
15. 3p to Milnor's open conjecture, using Model Lemma, the differential inequality. Sector 
Theorem, and Main Theorem. Finally, we prove a corollary (Corollary 15.41) to Main 
Theorem, which is another partial answer to Milnor's open conjecture. 

In the following sections, all geodesies will be normalized, unless otherwise stated. 

Acknowledgements . The first named author would like to express to Professor Karsten 
Grove my deepest gratitude for his encouragement, and his interest in our work. We are 
very grateful to Professors Takashi Shioya and Shin-ichi Ohta for their helpful comments 
on the first draft of this article. Finally, we also thank the referee for careful reading of 
the manuscript, valuable suggestions, and helpful comments on the manuscript, which, 
no doubt, have improved the presentation of this article. 
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2 Proof of Main Theorem 



In 1977, Grove and Shiohama [GSj first introduced the notion of critical point of distance 
functions to prove their famous theorem, which is called the diameter sphere theorem. 
The definition of the critical point of distance functions is given as follows : 

Definition 2.1 Let M be a complete Riemannian manifold. For any fixed point p G M, 
a point q & M \ {p] is called a critical point of d{p, ■ ) (or critical point forp) if, for every 
nonzero tangent vector v G TgM, we find a minimal geodesic 7 emanating from q to p 
satisfying 

Here, we denote by Z(t',7'(0)) the angle between two vectors v and 7'(0) in TgM. 

In 1981, Gromov |G1] refined the technique given by Grove and Shiohama in |GS] in 
order to estimate an upper bound on the sum of the Betti numbers over any fixed field 
for compact (connected) Riemannian manifolds with non-negative sectional curvature 
everywhere : 

Gromov's Isotopy Lemma Let M be a complete Riemannian manifold. If < Ri < 
R2 < oc, and if Bji^{p) \ Br^{j>) has no critical point for p G M , then Br^{jp) \ Bji^ijp) 
is homeomorphic to dBii^{p) x [i?i,i?2]- Here, Bfi-{p), i = 1,2, are the open distance 
Ri-balls around p. 

From now on, let (M, p) be a non-compact model surface of revolution, and let (M, p) 
be a complete open Riemannian n-manifold Mjwhose radial curvature at the base point 
p G M is bounded from below by that of the {M,p). Admitting Lemmas 13.21 14. 11^ and 
Theorem 14.121 in Sections 3 and 4, we can prove that : 

Theorem 2.2 If M admits c(M) > —00 and has no pair of cut points in V{So) for some 
60 G (0,7r), then M has finite topological type. 

Proof. From the Isotopy Lemma, it is sufficient to prove that the set of critical points of 
d{p, ■ ) is bounded. Suppose that there exists a divergent sequence {qi} of critical points 
gj G M of d{p, ■ ). Let 7^ : [0,d{p,qi)] — > M be a minimal geodesic segment emanating 
from p to qi. We may assume, by taking a subsequence of {qi}, if necessary, that the 
sequence {7,} converges to a ray 7 emanating from p. Thus, there exists a sufficiently 
large £ N such that 

^(7'(0),7:(0))<5o (2.1) 

for any i> iq. From now on, choose any i > io and fix it. Let e be an arbitrary positive 
number less than tt/2. Applying the Cohn- Vossen's technique (see |GVj . or [SSTl Lemma 
2.2.1]), we can choose a positive number ti satisfying 

Zi^'iti),v:is,))<e. (2.2) 
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Here, rji : [0, Sj] — > M denotes a minimal geodesic segment emanating from qi to 7(tj). 
Since the geodesic triangle A{pqi'y{ti)) C M, consisting of the edges 7,, 77,, and 7|[o,ti], 
satisfies 

by (12.11) . it follows from Theorem 14.121 and (12.21) that there exists a geodesic triangle 
^{PQiliti)) ■= A{pqa{ti)) C M satisfying fl4.53p (for x = qi and y = j{ti)), 

and 

Aq^lit^)p) < (2.3) 

Since 

lim Z{qiP'y{ti)) = 

we have 

lim Z{qifn{U)) = (2.4) 

i— >oo 

On the other hand, since each q^ is a critical point of d{p, ■), there exists a minimal 
geodesic segment : [0, (i(p, g^)] — > M emanating from to p such that 

A'^m.vm)<l (2.5) 

Let A(p(Ti(0)7()f:j)) C M denote the geodesic triangle consisting of the edges cTj, r]i, 
and 7|[o,ti]. Since A(pcrj(0)7(tj)) has the same side lengths as A(pgj7(tj)), the trian- 
gle A(pcrj(0)7(ti)) admits the triangle A(pgj7(tj)) C V{6o) satisfying (14.511) (for x = crj(O) 
and y = 'j{ti)) in Lemma [4.111 Thus, by Lemma [4.11^ we have 

A<iO),r^m)>Apq^m)■ (2.6) 

By (I23D and (I2SD, we get 

APq^lit^)) < I (2.7) 

Applying the Gauss- Bonnet Theorem to the geodesic triangle A(pgj7(tj)), we have 

[ GdM = Z{q,p^iU)) + ZiPqaiU)) + AqMU)p) - n (2.8) 



Since 



lim / GdM = 



by Lemma [3.21 we have, by (12.81) . 

lim {A{qip^{U)) + Z{pqa{U)) + Z{qa{U)p)) = vr. (2.9) 

i— >oo 

By O, (I23D, (I22D, and O, we get 



TT 



This is a contradiction. Therefore, the set of critical points of d{p, ■ ) is bounded. □ 
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3 Sector Theorem and Cut Loci of Model Surfaces 

We will first introduce some fundamental tools in geometry of surfaces of revolution. For 
details of the geometry, readers can refer to [SSTl Chapter 7] (also refer to |Tlj . [GMST] , 
and |SiT2] ). Remark that the following results hold for all non-compact model surfaces 
of revolution except for Theorem 13. 4[ 

For a non-compact model surface of revolution {M,p) whose metric satisfies (11. ip . a 
unit speed geodesic a : [0, a) — > M (0 < a < oo) is expressed by 

~a{s) = {ms)\e{a{s)))=: {t{s),e{s)). 

Then, there exists a non-negative constant u depending only on a such that 

u = f{t{s)f\e'{s)\ = f{t{s)) sinZ(a'(.), (d/dtU,^). (3.1) 

This (13.11) is a famous formula, which is called the Clairaut relation. The constant v is 
called the Clairaut constant of a. Remark that, by (13.11) . 

u > if and only if a is not a meridian, or its subarc. 

Since a is unit speed, we have, by (13.11) . 



' = * Ms)) 

Remark that, by (13.21) . 

t'{s) = if and only if f(t{s)) = v. 

It follows from (13.11) and (13. 2p that, for a unit speed geodesic a{s) = (t(s), 9{s)), si < s < 
S2, with the Clairaut constant u, 

eis,) - 6(3,) = Xit'is)) T"^ I dt (3.3) 

Jt{s^) f{t)^f{tY-v^ 

holds if t\s) 7^ on (si, s^)- Here, \{t\s)) denotes the sign of t\s). 

Lemma 3.1 Let {M,p) be a non-compact model surface of revolution, and Vi denote 
V{l/i) for each i G N. Assume that there exist a constant to > and a sequence 

I J ieli 

of unit speed geodesic segments such that 



a,([O,£,])ni?i„(p)^0 (3.4) 

for each i G N, and that 

\imm.{t{di{li))>tQ (3.5) 

j— >oo 

Then, 

lim Ui = 

i— >oo 

holds. Here, Vi denotes the Clairaut constant of oi. 
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Proof. By the assumptions (I3.4p and (13.51) . we can find a constant number 

Ui := sup{s e {0,ii) I t(cri(s)) = to} 

for eacli i e N. Moreover, it follows from (13. 5p that for any sufficiently large i G N, there 
exists a constant number ti > such that 

to<ti< t(a, (£,)). 

Then, we can find a constant number Vi E {t o (Tj)^^(ti) C (0,£j) such that fj > -Uj. Since 
cTilKji'i]) C Vi, we have, by ([SI3D, 

- > / , dt 

1 

IW 



l>tl 

> z/i ■ / ——r dt>0 (3.6) 



to 



for any sufficiently large z G N. Thus, by (13.61) . we get 



lim Ui = 



□ 



Lemma 3.2 Let {M,p) be a non-compact model surface of revolution, and set 

viOi) := G M|o < e{x) < e,^ 

for each i G N, where {6i} is a sequence of positive numbers convergent to 0. If M admits 
c(M) > — oo, then 



I— >oo 



lim /_ \G\dM = 



holds. In particular, 



lim / GdM = Q 

'A. 



holds for any sequence {Aj} of geodesic triangles Aj C V{9i). 

Proof. Since c(M) > — oo, for any e > 0, there exists a number ri^e) > such that 



A/\S.(,)(p) 



|G|rfM<^ (3.7) 
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where Bj.(s){p) C M is the open distance r(e)-ball around p G M. Then, there exists 
ioi^) G N such that 

\G\dM=—[ \G\dM<- (3.8) 

holds for all i > iois)- Therefore, by (13.71) and fl3.8p . we get the first assertion, that is, 

/ \G\dM< [_ \G\dM+ [ \G\dM<e (3.9) 

for all i > io{e). Furthermore, by (13.91) . 



/ GdM 

'A. 



< / \G\dM< _ \G\dM<e 



holds for all i > io{s), which is the second assertion. □ 

Lemma 3.3 (Key Lemma) Let {M,p) be a non-compact model surface of revolution. If 
M admits c(M) > — oo, then, for each t > 0, there exists a constant number 6{t) G (0, vr) 
such that 

a([o,£])n 5^(^ = 

holds for any minimal geodesic segment d : [0,£] — > V{6{t)) C M, along which 5"(0) is 
conjugate to cr(£). 

Proof. Since \9{a{0)) —9{a{i))\ < n holds for all minimal geodesic segments a : [0, i] — > 
M \ {p}, it is sufficient to show a required number 6(t) is positive. Suppose that there 
exist a constant to > and a sequence 



iGN 



of minimal geodesic segments, along which o"j(0) is conjugate to <7i(ii) for each z G N, 
such that 

a,{[0,£i])nBt,{p)^^ (3-10) 

for each i E N. Here, we set Vi := V{l/i) for each i G N. Since aj(0) is conjugate to ai^ii) 
along di for each z G N, we see lim £j = oo, and hence we may assume 

i— >oo 

limM t{a^{£i)) > to (3.11) 

Thus, by Lemma [3. H we have 

lim i/i = (3.12) 

where z/j is the Clairaut constant of di. Since ai(0) is conjugate to o"i(£i) along di for each 
i G N, there exists G [0, ii] such that 

(toaO'(ai) = (3.13) 
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(cf. \SST\ Proposition 7.2.1]). Let Ui G [0,£j] be the parameter value of (jj such that 

t{ai{ui)) = to. 

We consider a geodesic triangle Aj := A(p5"j(aj) 5"j(-Uj)) in V^. It follows from (13.1 p and 
fl3:T2D that 

lim sin {Z{pai{ui) ai{ai))) = lim — = (3.14) 

i^oo woo J (CqJ 

holds. Furthermore, by (13.131) . we have 

Z{pai{ai)ai{ui)) = - (3.15) 

Remark that 

lim Z{ai{ai)pcri{ui)) = (3.16) 

i— »oo 

since Aj C for each i G N. By Lemma [X^ (13.151) . (I3.16p . and the Gauss -Bonnet 
Theorem, we get 

vr 

lim Z{pai{ui) ai{ai)) = - (3.17) 
The equation (13.171) contradicts the equation (13.141) . □ 

Hebda [He] proved that the cut locus Cut(x) of a point x in a complete Riemannian 
2-manifold is a local tree, that is, for any y G Cut(a:) and any neighborhood U around y 
in the surface, there exists an open neighborhood O <ZU around y such that any two cut 
points in O can be joined by a unique rectifiable Jordan arc in On Cut(x) (see also jSTlj 
for Alexandrov surfaces). Here, a Jordan arc means an arc homeomorphic to the interval 
[0,1]. 

Theorem 3.4 (Sector Theorem) Let {M,p) be a non-compact model surface of revo- 
lution satisfying the (VM), or the (CH) for some Rq > 0. If M admits c(M) > — oo, then 
there exists a positive number 6o G (0, vr) such that V{6o) has no pair of cut points. 

Proof. Choose any number Ri > Rq, and fix it. We will prove that V{6{Ri)) has no 
pair of cut points, where 6{Ri) G (0, vr) is the number guaranteed in Lemma 13731 Suppose 
that V{S{Ri)) has a pair of cut points x and y. Let a : [0, d{x, y)] — > V{6{Ri)) denote a 
minimal geodesic segment joining x to y. We may assume that x is conjugate to y along 
5". Otherwise, we may find another minimal geodesic segment a joining x to y. Clearly a 
and a bound a relatively compact domain T> in V{6{Ri)). Since Cut(x) is a tree, we may 
find an endpoint 5 G P of Cut(x). Then, x is conjugate to z along any minimal geodesic 
segments joining x to z. By exchanging y and z, we may assume that x is conjugate to 
y along a. From Lemma 13.31 the minimal geodesic segment a does not intersect Bji-^ (p) . 
If G o 7(-Ri) is non-positive, then G o ^(t) < holds on [_Ri,oo) where 7 denotes any 
meridian emanating from p = 7(0). Hence G{a{s)) < holds for all s G [0, d{x, y)]. This 
contradicts the property that x is conjugate to y along a. If G o 7(i?i) is positive and 
G07 is non-increasing on [Rq, 00) where 7 denotes any meridian emanating fromp = 7(0), 
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then since y is not a single cut point of x, we may find a unit speed, rectifiable Jordan arc 
^(r) in Cut(5;) emanating from y = ^(0). Since a does not intersect Bji^{p), there exists a 
sufficiently small number Eq > such that the domain bounded by two minimal geodesic 
segments f and rj joining x to ^(^o) does not intersect Br^{p). We assume that f and fj 
are chosen in such a way that 

Z(77'(0), (d/dt),) < Z(a'(0), (d/dt),) < Z(f' (0), (d/dt),). 

Then, we may get a contradiction by repeating the argument in the proof of |GMSTl 
Lemma 3.1], or |SiT2t Lemma 3.1]. In the following, we hence state only the sketch of 
the argument. We may prove that a is shorter than f, and that 

tiais)) > t(f (s)) (3.18) 

for all s G [0,d{x,y)]. The equation fl3.18l) implies that 

GiHs)) < G{f{s)) (3.19) 

for all s G [0, d{x, y)], since Goj is non-increasing on [Rq, oo). From the Ranch comparison 
theorem and fl3.19p . the geodesic segment f\[o^d{x,y)] has a conjugate point of x along the 
segment. This contradicts the fact that f is minimal. Therefore, V{6{Ri)) has no pair of 
cut points. □ 



4 A New Type of Toponogov Comparison Theorem 

In the pure sectional curvature geometry, the Toponogov comparison theorem has been 
a very important tool in the investigation of the relationship between the curvature and 
topology of Riemannian manifolds (cf. [B], |CG] . [GSj . |G1] . and so on). After the Gromov 
convergence theorem |G2] and the Grove and Peterson finiteness theorem for homotopy 
and diffeomorphism types |GPj . |GPWj . it has become very important to investigate the 
topology of Alexandrov spaces as one of terminal stations of the pure sectional curvature 
geometry (cf. [S], [BUP] . [PT], [P2], [OT], [02], [DSJ, [STlJ, iSYT], [SY2], |Y], and so on). 

As stated in Section [1], such comparison theorems in the radial curvature geometry 
were proved by making use of model surfaces of revolution instead of complete surfaces of 
constant Gaussian curvature (see [X], [IMSj . and |SiT2] ). In the radial curvature geom- 
etry, all geodesic triangles must have the base point as one of vertices. Thus, the radial 
curvature geometry looks more restricted than the pure sectional curvature geometry, but 
this is not the case. We should remark that we can construct a model surface of revolution 
for any complete Riemannian manifold with an arbitrary given point as a base point (see 
Model Lemma in Subsection 15. ip . 

Our purpose in this section is to establish a new type of Toponogov comparison the- 
orem (Theorem I4.12p . The key tools of the proof are our Alexandrov convexity (Lemma 
14. 4p and Essential Lemma (Lemma 14. lip . 
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4.1 Alexandrov Convexity 



The Alexandrov convexity at a base point was proved in [IMSj when comparison surfaces 
are von Mangoldt surfaces of revolution. We first establish our Alexandrov convexity 
(Lemma 14.41) at a base point in a more general situation. For the purpose, we need three 
lemmas (Lemmas 14.11 and 14.31) . 

Let {M,p) be an arbitrary non-compact model surface of revolution whose metric 
satisfies (11. ip . Then, we have the next lemma, which is a very important tool in the 
investigation of radial curvature geometry. 

Lemma 4.1 ( |SST[ Lemma 7.3.2]) Take a point g G M \ {p} with 6{q) = 0. // two points 
Xi,X2 G M satisfy t{xi) = t{x2) and < 9{xi) < 6{x2) < vr, then, 

d{q,Xi) < d{q,X2) 

holds. 

Let pa '■ [0, oo) — > M denote the meridian defined hj 6 = a, which emanates from p. 
It follows from Lemma [4.11 that, for any a > 0, c > 0, and 6o G (0, vr), 

eieo 6-00 ~ , ^ ' ' 

where dc : [0, 27r) — > M denotes the parallel t = c, that is, ac{9) := pe{c). In the next 
lemma, we will prove that the left-hand term in the equation (14.11) is strictly positive. 



Lemma 4.2 For any > 0, cq > 0, and 6q G (0,7r), there exist constant numbers 
e\ G (0, vr/2) and 5 > such that 

|rf(/io(a),a,(^2))-rf(/io(a),^c(^i))| > (/(c) sin^i) |02 - ^i| (4.2) 

holds for all a G (oq — 5, oq + 5), c G (cq — 5,cq + 5), and 61,62 G (^^o — 5,6q + 5) . 

Proof. Choose any a G (ao — 5, o-o + c G (cq — 5, cq + 5), and 6 E {6q — 5, + <^), where 
5 is a fixed positive number less than 

^min{ao,6'o,co,vr - 6q} 

Since no minimal geodesic segments joining jlo{a) to ac{6) is tangent to the meridian po, 
there exists a positive constant ei G (0, 7r/2) such that 

$(7,^) :=Z(a;(^),f(ci(/io(a),ae(^)))) <\-e, (4.3) 

holds for all a G {a^ — 5,aQ + 5), 6 & {6q — 5,6q + 5), and all minimal geodesic segments 7 
joining pQ{a) to (yc{6). Therefore, it follows from [ITj Lemma 2.1] and (14. 3 p that, for each 
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e, e {9o-6,9o + 6), 

limmf //IN - //I AN = - cos mm|7r - $(7,6'i)| 



/TT 

> - COS + £1 
= sin£:i. (4.4) 



Since 



we get, by 



0^01 \9 -9i\ 



^.^.^^rf(/2o(a),a.W)-d(/2o(a),a.(g,))^ /(c) sine, (4.5) 

9l0i — Oi 

Since d{fio{a) , adO)) is Lipschitz with respect to 6, it follows from Dini's theorem jP] 
(cf. |Hwl Section 2.3], [WZl Theorem 7.29]) that d{flo{a),ac{9)) is different iable almost 
everywhere and 

02 g 

— (i(/io(a), adO)) dd = d{fio{a), 0^62)) - d{fio{a), cr^Oi)) 
^ oO 

holds for all 61,62 e {60 -5,6o + 5). Thus, by fOD . 

\d{fio{a),ac{62)) - d{fio{a),ac{6i))\ > (/(c) sin £1) 16*2 - 6*1 1 
holds for all a G (oq — 5, + 5), c G (cq — 5, Cq + 5), and 6'i, G (^0 — i^, ^0 + i^)- 1^ 

It follows from Lemma [4.11 that, for any positive numbers a, b, and c with 

|a — c| < b < c/(/io(a), /i7r(c)), 
there exists a geodesic triangle A (pgr) in M such that 

d{p, q) = a, d{q, r) = b, d{f,p) = c. 
Let 6{a,b,c) denote the angle Z{rpq) of the triangle A(pgf). 

Lemma 4.3 The function 6{a, b, c) defined on 

T := {(a, b,c) G M'^ | a, 6, c > 0, |a — c| < b < d{jlo{a) , jlT^(c))} 
is locally Lipschitz. 
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Proof. Choose any point {aQ,bQ,Co) G T. First, we will prove that 

\9{ao + Aa,bo,co) - 9{ao,bo,co)\ < /*" . \Aa\ (4.6) 

/(co)sinei 

for all Aa G M with \Aa\ < 6. Here, the numbers ei and S are the constants guaranteed 
to ao, Co, and 60 := 6{ao, bo, cq) in Lemma [4.21 It follows from Lemma [4.21 that 

\d{ilo{ao + Aa), a^eo + AaO)) - d{jlo{ao + Aa), ^co(^o))| > (/(co) sinei) |Z\„^| (4.7) 

for all Aa G M with \Aa\ < 6. Here, we set 

Aa9 := 6^(00 + Aa, bo, cq) - 9q. 

It is clear that 

d{flo{ao + Aa), aco{Oo + Aa9)) = d{flo{ao), aco(^o)) = &o- (4.8) 
It follows from the triangle inequality that 

\d{flo{ao),aco{Oo)) - d{flo{ao + Aa),aco{9o))\ < d{flo{ao) , flo{ao + Aa)) = \ Aa\. (4.9) 
By gH), dlD, and gD, we get 

\^aO\ < -j^^. |Z\a| 

/(co) smei 

for all Aa G M with \ Aa\ < 6. Thus, the proof of (14. 6 p is complete. Since 

9{a, b, c) = 9{c, b, a) 

for all (a, b, c) G T, 

\9{ao,bQ,co + Ac) - 9{ao,bo,co)\ < yr^- l^^l (4.10) 

/(co) sm^i 

holds for all Ac G M with \Ac\ < 6. We omit the proof of the following equation (14.111) . 
since the proof is similar to that of (14.61) : 

\9{ao, bo + Ab, Co) - ^(ao, 60, co) | < \Ab\ (4.11) 

/(co) sm^i 

for all Ab G M with |Z\6| < S. Therefore, the function 9{a,b,c) is locally Lipschitz at 
(ao,6o,Co) G Tby gSD, dmnD, and □ 

Lemma 4.4 (Alexandrov Convexity) Let {M,p) be a complete open Riemannian n- 
manifold M whose radial curvature at the hose point p is hounded from below by that of a 
non-compact model surface of revolution {M,p). For an arbitrary fixed geodesic triangle 
A{pxy) in M, let x, y : [0, 1] — > M be its edges which are minimal geodesic segments 
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joining p = x{0) = y{0) to x = x{l), y = y{l), respectively, and are parametrized 
proportionally to arc-length. 

Assume that there exists a unique geodesic triangle A{px(t)y{t)) := A{px{t)y{t)) in 
M up to an isometry corresponding to the triangle A{px{t)y{t)) for each t G (0, 1) such 
that 

d{p, x{t)) = d{p, x{t)), d{p, y{t)) = d{p, y{t)), d{x{t),y{t)) = d{x{t), y{t)), (4.12) 
and that 

l{px{t)y{t)) > Z{pxit)y{t)), A{py{t)x{t)) > A{py{t)i{t)) . (4.13) 
If Z{xpy) < 7T, then, the function 

e{t) := Z(f (t)py(t)) 
is locally Lipschitz on (0, 1), and non-increasing on (0, 1]. 
Proof. Set 

a:=d{p,x), b:=d{x,y), c:=d{p,y). 

Since the edges x, y : [0, 1] — > M of A{pxy) are parametrized proportionally to arc- 
length, respectively, we have 

at = d{p, x(t)), at = d{p, y(t)) 
for all t G [0, 1]. If we define a Lipschitz function on [0, 1] as 

^{t) ■.= d{x{t),y{t)), 

by the assumption fl4.12p . the function 9{t) is equal to the function 9{at, f{t), ct) by using 
the function 6{- , ■ , ■ ) defined in Lemma [4.3[ Hence, 6{t) is locally Lipschitz by Lemma 
lOl By Dini's theorem [D] (cf. [ffl Section 2.3], [WZl Theorem 7.29]), the function e{t) 
is differentiable for almost all t G (0, 1). Thus, we may take any fixed number to G (0, 1), 
at which 6 is differentiable. By the assumption fl4.13p . 

Z{px{to)y{to)) > Z{px{to)y{to)), /:{py{to)x{to)) > Z{py{to)x{to)). (4.14) 

Let fi,fj : [0, oo) — > M be meridians emanating from p and passing through x{to) = 
ft^ato), yito) = fj^cto), respectively. Then, we define a function 

i^it) ■.= d{fi{at),fj{ct)) 

on (0, oo). Remark that 

V^(to) = ifiito) (4.15) 

holds, since 

d{fi{atQ),fi{cto)) = d{x{to),y{to)) = d{x{to),yito)). 
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Since ip{t) and ^(t) are Lipschitz functions, respectively, both functions are differentiable 
almost everywhere. Therefore, we may assume that (p{t) and ip{t) are also differentiable 
at t = to- Then, ^ 

^'{to) < fito) (4.16) 

holds. To see fl4.16p . let go ^ ^ be the midpoint on the edge a;(to)l/(to) of ^{px(to)y{to)), 
and let a, t : [0, ip(to)/2] — > x(to)y(to) be minimal geodesic segments joining go = ^"(O) = 
r(0) to x(to) = (T{ip(to)/2), yito) = r((/?(to)/2), respectively. Then, we see 

Z(a'(v.(to)/2),x'(to)) = Z(px(to)2/(to)) (4.17) 

and 

Z(r'((^(to)/2),y'(to)) = Apyito)xito)). (4.18) 

For a sufficiently small fixed number e > 0, consider two geodesic variations of a and r 
whose variational curves join go to x{t), y(t) for t G (to — £,to + e), respectively. Since 
(i(go, x{t)) and d{qQ, y{t)) are differentiable at t = to; if follows from the triangle inequality, 
the first variation formula, (14.171) . and f l4.18p that we have 

//, N 1. fit) - fjto) 

^ lijn ^(go. xjt)) + c;(go, y{t)) - d{qo, x{to)) - d{qo, y{to)) 

tlto t — to 

^ j.^ diqo,x{t)) - d{qo,x{to)) ^ ^.^ d{qo,y{t)) - d{qo,y{to)) 

tlto t — to ^i^o t — to 

= COS (Z(px(to)y(to))) + COS (Z(p2/(to)x(to))) , (4.19) 



and 



ip (to) = lim ■ 



t\tQ t to 

^ lij^ ^(gO) xjt)) + d{qo, y{t)) - djqp, x(to)) - djqp, y{to)) 

tlto t — to 

= COS (Z(pa;(to)y(to))) + cos (Z(py(to)x(to))) . (4.20) 
Hence, by ( KIM and (Ml . we get 

ifi'ito) = cos {Z{px{to)y{to))) + cos (Z(p|/(to)x(to))) . (4.21) 
By the same way above, we see 

V^'(to) = cos (Z(p(to)^(to))) + cos (Z(py(to)x(to))) . (4.22) 
Thus, by ( KW) . Km . and Km . we get KW) . that is, 

(p'(to) = cos(Z(px(to)?/(to))) + cos(Z(p?/(to)a;(to))) 

< cos(Z(p(to)j^(to))) + cos(Z(py(to)£(to))) = ^'(to). 
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Therefore, we get 

e'ito) < 

by fl4.16p . Indeed, suppose that 

e'ito) > 0. 

Then, there exists a constant 6 > such that 

0{t) - e{to) > 6{t - to) (4.23) 

holds for all t > to sufficiently close to to- By considering the point fl{at) as the vertex x(t) 
of the geodesic triangle A{px{t)y(t)) corresponding to the geodesic triangle A{px(t)y(t)), 
it follows from Lemma [4.21 and f l4.23p that there exists a constant G (0, 7r/2) such that 

ip{t) = d{x{t),y{t)) = d{fi{at),y{t)) 

> d{fi{at), fiict)) + (/(ct) smei)ie{t) - e{to)) 

>^{t) + {6f{ct)sme,){t-to) (4.24) 
for all t> to sufficiently close to to- By fl4.15p and fl4.24p . 

V{t) - ^{to) > ^{t) - V^(to) + (Sfict) smei){t - to). (4.25) 
Hence, by f l4.25p . we get 

^'{to) > i^'ito) + 5f{ct) sinei > ^'(to)- 

This is a contradiction, since ^'{to) < i^'ito). Thus, 9'{t) < for almost all t G (0, 1). 
This implies that 6{t) is non-increasing on (0, 1]. □ 

Remark 4.5 If the function 6{t) in Lemma 14.41 is not locally Lipschitz, then we can 
not conclude that 6 is non-increasing. For example, the Cantor-Lebesgue function is 
increasing on [0, 1] and its derivative function is zero almost everywhere. By making use 
of this function, we may construct a function which is not increasing, or decreasing, but 
its derivative function is zero almost everywhere (cf. |WZj ). 

4.2 Toponogov Comparison Theorem 

We are going to show our Toponogov comparison theorem (Theorem I4.12p . We first 
introduce the definition of a narrow geodesic triangle in an arbitrary complete Riemannian 
manifold with a base point. 

Definition 4.6 ( |IMS[ Section 2]) Let M be a complete Riemannian manifold with a 
base point p G M. A geodesic triangle A{pxy) in M is called a narrow geodesic triangle, 
if 

d{x,y) < min{rf(p,x), d{p,y)} 

and the Fermi coordinates around the edge px (respectively py) contains the edge py 
(respectively px). 
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From the Rauch-Berger comparison theorem, we have the following lemma on a narrow 
geodesic triangle. 

Lemma 4.7 ( |IMSt Lemma 2.2]) Let {M,p) be a complete open Riemannian n-manifold 
M whose radial curvature at the base j)oint p is bounded from below by that of a non- 
compact model surface of revolution {M,p). Then, for every narrow geodesic triangle 
A{pxy) in M , there exists a geodesic triangle A{pxy) := A{pxy) in M such that 

d{p,x) = d{p,x), d{p,y) = d{p,y), d{x,y) = d{x,y) (4.26) 

and that 

Z{pxy) > Z{pxy), Z{pyx) > Z{pyx). (4.27) 

Remark 4.8 Another proof of Lemma 14.71 are found in |KT2] . Here, from radial cur- 
vature geometry's standpoint, we establish the Toponogov comparison theorem for open 
triangles on complete manifolds with boundary. In particular, it will be clarified in [KT2j 
that the cut locus of a complete open Riemannian manifold M is not an obstruction at 
all when we draw a corresponding geodesic triangle in a model surface of revolution for 
each geodesic triangle in the manifold M. 

Then, we prove the next lemma by using Lemmas 14.11 and 14.71 

Lemma 4.9 Let {M,p) be a complete open Riemannian n-manifold M whose radial cur- 
vature at the base point p is bounded from below by that of a non- compact model surface 
of revolution {M,p). If the geodesic triangle A{pxy) in M admits a geodesic triangle 
A[pxy) := A{pxy) in V{5q) for some 5q G (0, vr) satisfying 

dip, x) = d{p, x), d{p, y) = d{p, y), d{x, y) = d{x, y), (4.28) 

then, for any s G {0,i), the geodesic triangle A{pxa{s)) has a geodesic triangle A{pxa{s)) 
in V{So) satisfying ( [^.^g| ) for y = o"(s), where a : [0,i] — > M is the minimal geodesic 
segment joining a{0) = x to a{i) = y. 

Proof. We consider the set S consisting of all s G (0,£) such that, for any r G (0,s), 
there exists a geodesic triangle A{pxa{r)) := A{pxa{r)) C V{6o) corresponding to the 
triangle A{pxa{r)) C M satisfying (14.281) for y = o"(r). It is clear from Lemma [4.71 that 
S is non-empty set. By supposing 

si := sup S < i, 

we will get a contradiction. By definition, there exists a geodesic triangle A{pxa{si)) C M 
such that 

Amisi)) > So (4.29) 
and fl4.28p is valid for y = cr(si). From Lemma [4.71 we may take a subdivision 

= Sq < Si < ■ ■ ■ < Sk = i 
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of [0, £] containing the Si such that all the triangles 

have corresponding triangles A(pzjZj+i) C M satisfying (14.281) for x = Zi and y = ^j+i, 
respectively. Here, we set Zi := a{si). Under this situation, for z = 1, we draw A{pziZ2) 
on M, which is adjacent to A{pzoZi), so as to have a common edge pzi. Inductively, we 
draw A{pziZi^i) on M, which is adjacent to A{pzi-iZi) , so as to have a common edge 
pzi. Hence, we get a broken geodesic fj emanating from x = zq to Zk, which consists of 
the opposite sides ij^j+i to p. It is trivial that the length L{fi) of fj is equal to 

k 

L{fj) = J2 d{zi-i, 5,) = d{x, y) (4.30) 

i=l 

Suppose that the sum of angles 

k 

^Z{Zi^lpZi) < 71 
i=l 

Since 

k 

^Z{zi-ipzi) > Z{xpa{si)) >6o> Z{xpy) 

i=l 

by flT^ . it follows from Lemma E] and fOUj) that 

d{x, y) < d{x, Zk) < L{fi) = d{x, y). 
This is a contradiction, since d{x,y) = d{x,y). Hence, we see that the sum of angles 

k 

z{zi-ipzi) > 71 

i=l 

Without loss of generality, we may assume that 6{x) = and 6' o is increasing. Since fj 
intersects the meridian (1^, defined by 6* = vr, we get a unique intersection wq. The point 
Wq divides fj into two broken geodesies fji and 772. Hence, we assume that the subarc 
emanating from x = Zq to Wq is fji. Since the point p^TT{d{p,y)) is the nearest point to Wq 
on the parallel t = d{p, y), we have 

L{fi) = L{fii) + L{fi2) > L{fii) + rf(w)o, fi.{d{P. y)))- (4.31) 

Thus, the broken geodesic ^ consisting of fji and the minimal geodesic segment joining wq 
to ilT,{d{p,y)) is shorter than rj. Since 

HO > d{x,fiMp,y))), 

we have, by (14.311) . 

Lif])> d{x,fiMP,y)))- (4.32) 
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From Lemma [4. H 

d{x, fl^id{p, y))) > d{x, y) (4.33) 
holds, since vr > 5o > ^i^Py)- Hence, by fl4.32p and (14.331) . we have 

L{fi)>d{x,y). (4.34) 

Since L{fj) = d{x,y) = d{x,y), we get a contradiction from (14.341) . Therefore, the proof 
is complete. □ 

Lemma 4.10 Assume that a non-compact model surface of revolution {M,p) with a 
metric U.l\) admits a sector V{6o) for some 6o G (0, vr) which has no pair of cut points. 
Let A{pxiyi), /\{px2y2) be geodesic triangles in M satisfying 

d{p,yi) = d{p,X2), (4.35) 

and 

APyi^i) + AP^2y2) < tt. (4.36) 

If there exists a geodesic triangle A{pxy) in V{6o) such that 

d{p, x) = d{p, xi), d{p, y) = d{p, ^2), (4.37) 

and that 

d{x,y) = d{xi,yi) + d{x2,y2), (4.38) 

then, 

Z{pxiyi) > Z{pxy), Z{py2X2) > Z{pyx). (4.39) 

Proof. From (14.351) . we may draw A{px2y2) on M, which is adjacent to A{pxiyi), so as 
to have a common edge pyi = pX2, i.e., yi = X2- For the metric (ILip . we set 

0:=e{xi)<e{m) = e{x2)<e{y2). 

Since the existence of A{pxy) C V{5o) is unique up to an isometry fixing p, we may 
assume, by d{p,x) = d{p,Xi) of (I4.37p . that 

= 9{x)<9{y), 

i.e., X = Xi and 6{y) > 0. Since 6{y) < 60 < it, it is clear from the same argument in the 
proof of Lemma 14.91 that 

Oim) < vr (4.40) 
holds. By the triangle inequality and (14.381) . 

d{xi, y2) < d{xi,yi) + d{yi, ^2) = d{x, y) = d{xi,y). (4.41) 

Since A{pxy) C V{6o), (H^ . and (H^ . it follows from Lemma lO that 6{y2) < 
Z{xipy) < 60 holds, i.e., 

y2e9-\0,So). (4.42) 
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Let V^Sq) denote the domain defined by 

■D{6o) := {q e 6-\0,5o) \t{q) < t{a{s)) whenever 9 (q) = e{a{s))iov somes > O} 

Here a : [0, oo) — > M denotes the unit speed geodesic emanating from xi passing through 
yi = a{d{xi,yi)). Thus, the domain V^Sq) is bounded by the three subarcs of the two 
meridians 9 = 0, 9 = 60, and a. 

There is nothing to prove, if Z{pyiXi) + Z{pyiy2) = tt holds. Thus, from fl4.36p . we 
may assume that 

Z{pyixi) + ^{pym) < vr. (4.43) 

Hence, by ( 02l) and fl03D . it is clear that y2 G V{5o). Let c : [9{jj2),5o] — > M denote 
the subarc of the parallel t = d{p, ^2) that is cut off by two meridians 9 = 9{y2) and 
9 = 60. Here c is assumed to be parametrized by 9, so that c\[g(^y2)^So) C V{6o). From 
Lemma mH d{p, y) = d{p, ^2) of fOTjl . and flOB . it follows that 

d{xu 5{9{y2))) = d{x,,y2) < d{xu c{9)) < d{xu c{6o)) (4.44) 

and 

d{xi,y2) < d{xi,y). (4.45) 
Moreover, it follows from fl4.38p . (14.451) . and A{pxy) C ^^(^o) that 

d{xi, c{5o)) > d{xi, y) = d{xi, yi) + d{yi, ^2) > d{xi, ^2)- (4.46) 

Therefore, by (14.441) . (14.461) . and the intermediate value theorem, there exists a point 
^3 e 9''^{9{y2),So) on c\i^e{y2),5o) such that 

d{xi,ifi) = d{xi, yi) + d{yi,y2)- (4.47) 

Supposing that ^3 is not a point in the closure of 1^(50)5 we will get a contradiction. Since 
y2 G V^Sq) and y^ is not in the closure of V^Sq), a intersects c at a point c{9q) = 5-(so). 
Without loss of generality, we may assume that c\[o(^y2)^gg) lies in V{6o). From Lemma HH], 
it follows that 

d{yi, m) < d{yu c(^o)) = d{yi, a(so)). (4.48) 
Since 5" | [0,^0] is minimal, it follows from (I4.48P that 

d{xi, c{9o)) = d{xi, yi) + d{yi, 5(6*0)) > d{xi,yi) + d{yi, ^2)- (4.49) 

By using Lemma 14.11 again, 

d{xuc{9Q)) <d{xi,yz). (4.50) 
Combining fl4.49p and fl4.50p . we get 

^(^1,^3) > d{xi, yi) + d{yi,y2)- 

This is a contradiction to (14.471) . Thus, y^ lies in the closure of T>{6o). Since any subarc 
of a is minimal when the subarc lies in 9~^{0,So), the minimal geodesic joining xi to y^ 
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lies in the closure of ^'(^o)- Then, we get a geodesic triangle A^pxiy^) C V{6o) satisfying 
fl4.37p and (14. 381) for x = Xi and y = y^. Since V{6o) has no pair of cut points, A{pxy) 
and A^pxiys) are isometric, i.e., A{pxy) = A{pxiy^). Therefore, A{pxy) satisfies 

Z{pxiyi) > Z{pxy) 

of (14.391) . because the minimal geodesic joining x = xi to y = ys lies in the closure of 
^^(^o)- By exchanging x and y, and doing xi and y2, respectively, in the argument above, 
we may get a geodesic triangle A{px^y2) C V{5q) satisfying (I4.37P and (14.381) for x = x-^ 
and y = y2, and Z{py2X2) > Z{py2X^). Since both triangles A{pxy) , A{px^y2) C V{5q) 
are isometric, Z{pyx) = Z{py2X^) holds, i.e., we get 

Z{py2X2) > Z{pyx) 

of (14.391) . Therefore, we have proved our lemma. □ 
By Lemmas 14. 7^ 14. 9^ and 14.101 we have the next lemma. 

Lemma 4.11 (Essential Lemma for Toponogov Comparison Theorem) 

Let {M,p) be a complete open Riemannian n-manijold M whose radial curvature at the 
hose point p is hounded^ from below by that of a non-compact model surface of revolution 
(M, p) . Assume that M admits a sector V{So) for some 6o G (0, vr) which has no pair of cut 
points. If a geodesic triangle A{pxy) in M admits a geodesic triangle A{pxy) := A{pxy) 
in V{6o) satisfying 

d{p,x) = d{p,x), d{p,y) = d{p,y), d{x,y) = d{x,y), (4.51) 

then 

Z{pxy) > Z{pxy), Z{pyx) > Z{pyx). (4-52) 

Proof. Let A{pxy) denote any geodesic triangle in M which admits a geodesic triangle 
A{pxy) in V{6o) satisfying (14.511) . We denote by cr : [0,i] — > M the edge of A{pxy) 
opposite to p. Let S be the set of all r G (0, i] such that there exists a geodesic triangle 
A{px(j{r)) := A{pxa{r)) C V{6q) corresponding to the triangle A{pxa{r)) C M satisfy- 
ing (I4.5ip and (I4.52p for y = a{r). It is clear from Lemma [4.71 that S is non-empty. Since 
there is nothing to prove in the case where sup S = i, we suppose that 

Si := sup S < i. 

By Lemma there exists a geodesic triangle A{pxa{si)) C V{So) corresponding to the 
triangle A{pxa{si)) C M satisfying (I4.5ip and (I4.52p for y = a{si). For a sufficiently 
small £ — Si > £ > 0, it follows from Lemma 14.71 that there exists a geodesic triangle 
A{pa{si)(7{si+e)) corresponding to the triangle A(pcr(si)cr(si+e)) C M satisfying (I4.5ip 
and (I4.52P for x = (j{si) and y = (t(si + e). Thus, two geodesic triangles A(pxcr(si)) 
and A(pcr(si)cr(si + e)) satisfy (14.350 and (I4.36P (in Lemma l4.10p for xi = x, yi = cr{si), 
X2 = cr(si), and y2 = cr{si + e). On the other hand, by Lemma 14.91 again, we get a 
geodesic triangle A{xpy) C V{6o) satisfying (14.370 and (I4.38P (in Lemma l4.1Up for y = y, 
xi = X, iji = a(si), X2 = cr(si), and y2 = cr(si + e). Thus, it follows from Lemma [4.101 
that si + e E S. This contradicts the fact that si is the supremum of S. □ 
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Then, by Lemmas 14 . 41 and | 4 . 1 11 we have a new type of Toponogov comparison theorem, 
which is the main theorem in this section. 

Theorem 4.12 (A New Type of Toponogov Comparison Theorem) 

Let {M,p) be a complete open Riemannian n-manifold M whose radial curvature at the 
base point p is boundedjrom below by that of a non-compact model surface of revolution 
{M,p). Assume that M admits a sector V{6o) for some 6o G (0, vr) which has no pair of 
cut points. Then, for every geodesic triangle A(j)xy) in M with Z{xpy) < 6o, there exists 
a geodesic triangle A{pxy) := A{pxy) in V{So) such that 

d{p, x) = d{p, x), d{p, y) = d{p, y), d{x, y) = d{x, y) (4.53) 

and that 

Z{xpy) > Z{xpy), Z(j)xy) > Z{pxy), Z{pyx) > Z{pyx). (4.54) 

Proof. Let W be the set of all t G (0, 1) such that there exists a geodesic triangle 
A(j)x{t)y{t)) := A{px{t)y(t)) C V{6o) corresponding to the triangle A{px{t)y{t)) C M 
satisfying (14.531) for x = x{t) and y = y{t). Here x{t) and y{t) denote the minimal geodesic 
segments introduced in Lemma 14.41 respectively. It is clear that W is open. From the 
Ranch comparison theorem, there exists a constant £o > such that, for each t G (0,£:o); 
there exists a geodesic triangle A{px{t)y{t)) C V{So) corresponding to A{px{t)y{t)) C M 
satisfying (14.531) for x = x{t) and y = y{t) and 

e{t) := Z{S:{t)py{t)) < Z{x{t)py(t)) = Z{xpy) < Sq. 

Hence we get 

{0,eo)cW. 

Let (0,to) C W denote the connected component of W containing (OjEq). From Lemmas 
14.41 and 14.111 it follows that 6{t) is non-increasing on (0,to)- Thus, the geodesic triangle 
A{px{tQ)y(tQ)) has a corresponding triangle A{px{to)y{tQ)) C V{6q) satisfying (14.531) for 
X = x(to) and y = y(to). This implies that to ^ if < 1- Therefore, W = (0, 1) and 
the proof is complete. □ 

Remark 4.13 We refer to |03j for a generalization of the Toponogov comparison theo- 
rems to the Finsler geometry, and its applications. 

5 Application of Main Theorem 

In this section, we first give the proof of Model Lemma (Lemma 15. ip . After recalling some 
differential inequality (Lemma 15. 2p . we give the proof of our answer (Theorem 15. 3p to 
Milnor's open conjecture. Finally, we prove a corollary (Corollary 15. 4p to Main Theorem. 
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5.1 Proof of Model Lemma 



Let M be an arbitrary complete open Riemannian n-manifold. Fix any point p e M. 
Then, we have 

Lemma 5.1 There exists a locally Lipschitz function G{t) on [0, oo) such that the radial 
curvature of M at p is bounded from below by that of the non-compact model surface of 
revolution with radial curvature function G{t) . 



Proof. We set 



jn— 1 



:= {v e TpM I ||^;|| = 1}. 



Let jy : [0,p{v)] — > M be a minimal geodesic emanating from p — 7^(0) such that 
V — 7^(0) e ^p~^, where we set 

p{v) := sup{t > I d{p,jy{t)) = t}. 

Then, take an orthonormal basis 

{ei, 62, • • • , e„_i} := {ei{v), e2{v), ■■■ , en-i{v)} 

of the hyperplane in TpM orthogonal to e„ := v. Then, we denote by Ei(t;v), i ~ 
1, 2, • • • , n, parallel vector fields along 7„ such that E^i^^v) = e^. Moreover, let at be a 
2-dimensional hnear subspace of T^^{t)M spanned by 7^(i) and a tangent vector wt to M 
at ^v{t) defined by 

n—l 



Wt := ^aiEiit-.v) 



with 



i=l 
n-1 



a, 



=1 



for oi, 02, • • • , On-i e R. Thus, the radial sectional curvature KMict) at p of M is given 

by 

Kuiat) = ; v),Wt)E^{t ; v),Wt)^ (5.1) 

where R denotes the Riemannian curvature tensor of M, which is a multi-linear map, 
defined by 

i?(X, Y)Z := Vy^xZ - Vx^yZ + V[x,y]^ 
for smooth vector fields X, Y, Z over M. Now, we set 

/ a^ \ 

a2 



a :— 



where S"~^(l) C R"~^ is a standard unit sphere, and set 

Rij{t,v) := {R{En{t;v),Ei{t;v))En{t;v),Ei{t;v)) 
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Remark that Rij{t,v) is a C°°-function. Then, by (15. ip . we see that 



n-l 



KM{<yt) = ^ aiajRij{t, v) = ^aR{t ; f )a, (5.2) 

where R{t ; f ) := {Rij{t, v)) is a symmetric (n — 1) x (ra — l)-matrix. Furthermore, we set 

Fo{t,v) := mm {^aR{t;v)a \ a E §""^(1)} 

for all {t,v) G [0, oo) x S^J^^ with t < p{v). Thus, by (Q, we get 

KMi(Tt)>Fo{t,v) (5.3) 

for all {t,v) G [0, oo) x Sp~^ with t < p{v). Remark that Fo(t, w) is locally Lipschitz on 
[0, oo) X E>p~^ with t < p(f ), since Rijit, v) is a C°°-function. 
We define 

F(t,t;) := Foiptiv),v) 

on [0, oo) X Sp^"*^, where we set pt{v) := min{p(f),t}. Since F{t,v) is locally Lipschitz on 
[0, oo) X E>p'^ with t < p(f ), for any 6 > 0, there exits a constant Cq such that 

\F{h,v)-Fih,v)\ < Co\pM-pM\ (5.4) 

for all ti, t2 G [0, b] and all f G Sp^^ Since it is clear that 

\PM-Pt,iv)\ < \h-t2\ 

for all h, t2 G [0, b] and all w G it follows from (El) that 

\Fituv)-F{t2,v)\<Co\ti-t2\ (5.5) 
holds for all ti,t2 G [0,6] and all v G S^^^. Then, we get a locally Lipschitz function 

G{t) := mm {F{t,v) \v eS"^'^} (5.6) 

on [0, oo). Indeed, take any ti,t2 G [0,6]. Without loss of generality, we may assume 
Gih) > G{t2). By O, 

G{h) - G{t2) = G{h) - F{t2,V2) 

< F{tuV2)-F{t2,V2) < Co\tl-t2\. 

Here, V2 G Sp~^ is a point satisfying Git2) = F(t2, V2). Thus, we have proved that G{t) is 
locally Lipschitz on [0, 00). Therefore, it follows from (15.31) and (15. 6p that 

Km (at) > G{t) 

holds. □ 
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5.2 Proof of Partial Answer to Milnor's Open Conjecture 

Before starting the proof of our answer to Milnor's open conjecture, we will recall the 
following differential inequality (compare [Zj Lemma 2.1]). 

Lemma 5.2 Let (p{t) be a C^-function on [0, oo), and X{t) a continuous function on 
[0,oo). // 

4>'{t) < A(t)0(t) 

holds on [0,oo), then we have 

(Pit) < e^(*V(0). 

Here, we set 

A{t) := [ \{s)ds 







Proof. Since > (p'it) — A(t)(/)(t) on [0, oo) by the assumption on this lemma, we see 

> e-^W0'W - e-^WA(t)0(t) = ^ (e-^(*V(t)) (5.7) 
for all t e [0, oo). Thus, by this (15.71) . we have 

0= fods> f ^{e-''^'^{s))ds 
Jo Jo d,s 

= e-^(*V(i) - 6-^^0(0) 

= e-^^'U{t) - 0(0) (5.8) 
for all t e [0, oo). Therefore, by this (15.81) . we get 

e-'^W0(t) < 0(0), 

that is, (f){t) < e^(*V(0) holds on [0, oo). □ 

Now, let G{t) be the Lipschitz function in Model Lemma (Lemma 15. ip . and set 

G*{t) :=min{0,G(t)} 

Consider a non-compact model surface of revolution {M*,p*) with its metric 

g* = dt"^ + m{t)'^d9'^, (t, ^) e (0, oo) X (5.9) 

satisfying the differential equation m" {t) + G* {t)m{t) = with initial conditions m(0) = 
and m'(0) = 1. Remark that the metric (15. 9p is not always differentiable around the base 
point p* e M*. 
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Theorem 5.3 Let M be a complete open Riemannian n-manifold, p & M any fixed point, 
and {M*,p*) a comparison model surface of revolution, constructed from {M,p), with its 
metric 115. y\) . IfG*(t) satisfies 

POD 

/ {-t ■ G*{t)) dt <oo, (5.10) 
Jo 

then the total curvature c(M*) is finite. In particular, then M has a finitely generated 
fundamental group. 

Proof. Since G*it) < on [0, oo), we have 

m"{t) = -G*{t)m{t) > 
on [0, oo), that is, m'(t) is increasing on [0, oo). Since m'(0) = 1, 

m'{t) > m'(0) = 1 

holds for aU t G [0, oo). In particular, m{t) is non-negative for all t > 0, for m{t) is 
increasing on [0, oo) and m(0) = 0. We will first prove the total curvature c(M*) of 
{M*,p*) is finite. To show this fact, we define 

0(t) := m'{t) 

on [0, oo). Then, since m(0) = and m'(t) is increasing on [0, oo), we see that 

^ - ' m'{s)ds < — — ds = (j){t) (5.11) 



on (0, oo). Thus, by (15. lip , we have 

(j)'{t) = m"{t) = -G*{t)m{t) 

< -tG*{t)(j){t) 
= A(t)0(t) 

for all t G (0, oo). Here, we set \(t) := —tG*(t) (> 0). In particular, 

0'(t) < A(t)0(t) 

holds on [0, oo), since G*{t) is continuous on [0, oo). Then, it follows from Lemma [572] and 
m'(0) = 1 that we have 

(Pit) < e^W0(O) = e^Wm'(O) = e^^*) (5.12) 

on [0, oo). Here, we set 

A(t) := [ Xis)ds 
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Since 



0<A(oo)=/ \{s)ds= {-s-G*{s))ds<oo 
Jo Jo 



by the assumption flS.lOp . we see, by (15.121) . 

lim m'{t) = lim (f){t) < lim e^^*) = e^^^^ < oo (5.13) 

t— >oo t— >oo t— >oo 

By (Km . we get 

c(M*) =2n [ i~m"{t)) dt = 2n(l^ lim m'{t)] > -oo 

Jo V t~*oo ) 

Thus, c(M*) is finite. 

Therefore, it follows from Sector Theorem and Main Theorem that M has finite topo- 
logical type, that is, M is homeomorphic to the interior of a compact manifold with 
boundary. In particular, M therefore has a finitely generated fundamental group. □ 

Finally, we prove a corollary to our Main Theorem, which is another partial answer 
to Milnor's open conjecture. 

Let Km be the sectional curvature of an arbitrary complete Riemannian n-manifold 
M. Furthermore, we define a (real) number Kuifl) as follows 

Kuiq) ■■= min Km{(t) 

aCTgM 

Here, a C TgM is a 2-dimensional linear space, and KM{cr) is the sectional curvature of 
cr at g e M. 

Corollary 5.4 Let M be an arbitrary complete open Riemannian n-manifold, p ^ M 
any fixed point, and {M*,p*) a comparison model surface of revolution, constructed from 
{M,p), with its metric Ii5.9\) . If the sectional curvature Km of M satisfies 

liminft2+" min Ku^q) > M (5.14) 

t^ca q&Bt{p) 

for some numbers a > and A/" < 0, then M has a finitely generated fundamental group. 
Proof. By the assumption (I5.14p . we have 

t'^+'' min Km (q) > C ■ Af (5.15) 

for some C > 1 and all t > 1. Then, it follows from the construction of G{t) (see the 
proof of Lemma 15. ip and (15.150 that 

C ■ Af 

G{t)> ndn KM{q)>-^ (5.16) 

qeBtip) t^+°' 
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holds for all t > 1. Since G*(t) < on [0, oo), we see, by f l5.16p . 



0> / t.G*it)dt> I -^dt 



OO 



n Ji 
Hence, we get, by f l5.17p . 



at"' 



-1 OO 



a 



> -OO (5.17) 



POO 

< / -t-G*{t)dt < OO 
Jo 



Therefore, by Sector Theorem and Main Theorem, M has a finitely generated fundamental 
group. □ 

Remark 5.5 Under the assumption in Theorem 15.31 or Corollary 15. 4^ it follows from 
|MNm Theorem 0.1] that {M,p) admits the asymptotic cone via rescaling argument, i.e., 
the pointed Gromov-Hausdorff limit space of ((l/t)M, p) exists as t — oo, and the space 
is, naturally, isometric to a Euclidean cone (see [G2. Definition 3.14] for a definition of 
the pointed Gromov-Hausdorff convergence). However, one should notice again that our 
models in Theorem 15.31 and Corollary 15.41 have been constructed from any complete open 
Riemannian manifold with an arbitrary given point as a base point, and that the metrics 
(15. 9p in Theorem 15.31 and Corollary 15.41 are not always differentiable around their base 
points. In particular, our Main Theorem has a wider class of metrics than those described 
in [MNOl Theorem 0.1]. 

The next example shows that non-negative radial curvature does not always mean 
non-negative sectional curvature. 

Example 5.6 Let M be a 2-sphere of revolution with a Riemannian metric 

h:=dr'^ + m{rfde'^, (r, ^) G (0, 2a) x §J (5.18) 
and pair of poles p, q, i.e., the surface (M, h) satisfies that 

(TS-1) (M, h) is symmetric with respect to the reflection fixing r = a, where 2a = d{p, q), 

(TS-2) the radial curvature function G o 7 : [0, 2a] — > M of M is monotonic along a 
meridian 7 emanating from p = 7(0) to the point on r = a. 

Remark that (M, h) does not always have positive radial curvature function Go'-f(t) : For 
example, the model surface of revolution generated by the (x, 2;)-plane curve (m(r), 0, z{r)) 
satisfies (TS-1) and (TS-2), where 

mir) 
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V 3 V 3 1 

9 sin r + 7sin rj z{r) := / a/1 — m'(tydt 

9 3/ Jq 



In particular, we then see G(7(3-\/37r/2)) = —1 (see |SiT2j ). 

Thus, without loss of generality, by setting 2a := vr, we may assume that (I5.18P is 
the geodesic polar coordinates around the north pole (0,0,1) of the unit sphere S^(l) 
in 3-dimensional Euclidean space R^, and that the radial curvature function G o 7(t) of 



32 



(M, h) is negative at a point on (0, vr). Now, we will introduce a new Riemannian metric g 
on 3-dimensional Euclidean space (R'^, (70). Outside of the unit ball -Bi(o) C centered 
at the origin o G M^, we define g to be 

g := df + fit)% 

where / : (0, 00) — > (0, 00) is a smooth function, and the function t denotes the Euclidean 
distance function from o G M.^. We set Xi := t, X2 '■= r, and X3 := 6, and denote by cjjj 
a 2-dimensional linear plane spanned by d/dxi and d/dxj, i ^ j. Then, the sectional 
curvatures K{aij) of the planes aij at each points on \ Bi{o) are 

f"(t) 

K{a,,) = K{a,^ = -ij^ (5.19) 



1 / m"{r) ^,^2 



and 

A-fe)^j^^-^-/Wj (5.20) 

Consider a smooth family {ht}t>o of Riemannian metrics such that ht is the standard 
metric on S^(l) for small t and ht = h for t > 1. Then, {t,r,6) are the geodesic polar 
coordinates around o G for (M^, (70); and the Riemannian metric gt := cit^ + f{t)'^ht on 
M'^ equals (70 for small t if /(t) = t, and equals on M'^ \ Bi{o). By the definition of gt, 
each t-curve on {M.^,gt) is a ray emanating from o G M.^. Therefore, it follows from 05.191) 
and fl5.20p that the radial curvature of {M.^, g) is non-negative on \ -Bi(o), if f"{t) < 0. 
In particular, (M^, (7) admits non-negative Ricci curvature at divergent points. 

From Example 15.61 we may conclude Milnor's open conjecture does not follow from 
our Main Theorem, and, at the same time, our Main Theorem does not follow from 
Milnor's open conjecture. Moreover, we find that the radial curvature geometry deals 
with a geometry different from the geometry of a global lower bound on Ricci curvature, 
but with a sufficiently large geometry. 
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